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stable conformation, TGGT, is not the only one that is
available to reduce density from the amorphous material.
We conclude that since, on annealing, the crystal structure
of PPT assumes a nonplanar helix-like structure, the
difference in conformation of the methylene groups leads
to little difference in the effectiveness of close packing of
the chains. During the conformational reorganization of
the initial state, other less stable conformations such as
GTTG also appear to help the chains pack, resulting in
an increase in density. The density of crystalline PET,
1.46 g/mL, is significantly higher than that of PPT, 1.39
g/mL.
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Kinetic Model for Tensile Deformation of Polymers. 1. Effect of

Molecular Weight
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ABSTRACT: A new comprehensive kinetic model for the tensile deformation of solid, flexible polymers is
presented. The model, which is based on the Eyring chemical activation rate theory, explicity takes into account
the role of the weak attractive forces between chains as well as chain slippage through entanglements.
Stress-strain curves calculated for melt-crystallized polyethylene are in quantitative agreement with experiment.

Deformation of solid polymers is a very complex subject
of great technological and theoretical interest. A number
of models have been proposed to describe the various
phenomena that may occur during deformation, such as
brittle fracture, yielding, strain hardening, etc.!> Most
models are, however, only phenomenological or semi-
quantitative, static representations, which are incapable
of providing a unified description of the various morpho-
logical changes that may occur depending on the dynamics
and on the structure at the molecular level. Here we
present a new comprehensive kinetic model for tensile
deformation of solid, flexible polymers. The model, which
is based on the Eyring activation rate theory,? explicitly
takes into account the role of the weak attractive forces
between chains as well as chain slippage through entan-
glements. Stress-strain curves calculated for melt-crys-
tallized polyethylene are in quantitative agreement with
experiment. The model also reveals the wide variety of
morphological changes that may occur during tensile de-
formation of polymers.

The undeformed (isotropic) polymer solid is represented
by a dense network of coiled, entangled macromolecules
(Figure 1). Note that no details of the crystallites in the
solid are specified.” We start with the regular array of
entanglements depicted in Figure 1b. The molecular
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weight between entanglements is independent of the chain
length;® i.e., the number of entanglements per macro-
molecule increases linearly with its length. The network
is elongated at constant rate ¢ and at temperature T along
the y axis. This causes straining of the weak van der Waals
(vdW) bonds, which break, according to the kinetic theory
of fracture,® at a rate

v =71 exp[-(U - B0) /kT] 1

In eq 1, 7 is the thermal vibration frequency, and U and
B are respectively the activation energy and volume. ¢ is
the local stress: ¢ = K¢, where e is the local strain and K
is the elastic constant of the bond. The breaking of the
vdW bonds along a chain strand between two entangle-
ments leads to a transfer of the external load to the now
effectively isolated chain strand. As the load increases
upon further deformation, slippage of that chain through
entanglements sets in. It is assumed*® that this occurs
at a rate that has the same functional form as that of the
vdW bond breakings (eq 1), but with different values for
the activation energy U and the activation volume 3. Now,
o represents the difference in stress in the two strands of
a chain separated by an entanglement. In order to esti-
mate that stress, we turn to the classical theory of rubber
elasticity.* According to this theory, the stress on a chain
strand having a vector length r is

o=akTLYr/nl) (2)

where n is the number of statistical chain segments and
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Figure 1. (a) Schematic representation of the undeformed
polymer solid. Prior to deformation, the chain segments between
entanglements are tied together through numerous weak inter-
and intramolecular bonds, e.g., van der Waals forces (dotted lines).
The latter provide the initial stiffness to the material. Since the
coordination number of an entanglement is only 4, the three-
dimensional network, for convenience, has been given a planar
(x—y) conformation. (b) A more schematic representation of the
network, in which the details of the chain configurations are
omitted altogether. The individual van der Waals bonds are
replaced by “overall” bonds (dotted lines) joining each entan-
glement point to its neighbors. The heavy solid lines denote chain
vectors between entanglements; chain ends are indicated by
dashed lines. The chain vectors in an actual, undeformed
specimen are randomly oriented in three-dimensional space; i.e.,
{cos? #) = 1/5 where § is the vector’s angle with the draw axis.
In our simplified, regular two-dimensional representation (b), we
thus take the same initial value § = 54.7° for all vector orientations
along the y axis.

] is their length. £ is the inverse Langevin function and
« is a proportionality constant that depends on the number
N of chain strands per unit volume. Following Treloar'?

a = (N/3)n'/? (3)

In accordance with reported experimental results for vis-
cous flow of paraffins,!! we assume that the average length
of a hydrocarbon chain capable of a coordinated movement
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at a rate given by eq 1 is approximately 25 carbon atoms.

The kinetic model described above was simulated on an
array of 7200 entanglement points. The simulation of the
vdW bond breakings is performed with the help of a Monte
Carlo lottery that breaks a bond ¢ according to the prob-
ability

Pi = Ui/vmax (4)

Here, v, is the rate of breakage of the most strained bond
in the array. After each visit of a bond, the time ¢ is
incremented by 1/[vp..n(t)], where n(t) is the total number
of intact bonds at time ¢. For reasons of simplicity, broken
vdW bonds are assumed not to re-form during the defor-
mation process.

The simulation of chain slippage through entanglements
is executed by using a similar technique; n(t) now denotes
the total number of entanglements left at time ¢. The
slippage process leads to a change in the number of sta-
tistical chain units between entanglements and, occasion-
ally, to chain disentanglement. If the rate of slippage is
too low, however, maximum elongation of the chain strands
between entanglements can be reached and chain fracture
occeurs.

After a very small time interval 6t has elapsed, the
bond-breaking and chain slippage/fracture processes are
stopped and the network is strained along the y axis by
a small, constant amount determined by the strain rate
&. The network is then relaxed to its minimum-energy
configuration, using a series of fast computer algorithms
described in ref 12. This leads to displacement of the
entanglement points along the x and y axes. In order to
save computer time, only displacements along the draw
axis are explicitly calculated. Distances in the transverse
x direction are assumed to be contracted homogeneously
by a factor A1/, where A is the draw ratio (e + 1) along
the y axis. After these relaxation steps, which are the most
time-consuming processes in the computer simulation, the
axial nominal stress at one end of the network is calculated.
The Monte Carlo process of bond breakings and slippage
is then restarted for another time interval 6¢. And so on
and so forth until the sample breaks.

The presented model will now be applied to study the
effect of the molecular weight on the tensile deformation
of melt-crystallized polyethylene. This problem was se-
lected because there exists a wealth of experimental data
against which the theoretical results can be verified.

The molecular weight of a statistical chain segment is
about 140, and ! =~ 10 A.’® The atomic vibration frequency
 was taken to be 10'2/s, and we chose a strain rate of ¢
= 5/min. A deformation temperature of 75 °C was se-
lected, rather than, e.g., room temperature, to relate to the
important drawing processes that are employed to produce
high-modulus polymer.!!® Values for the other parameters
are as follows.

udW Bond Breakage. The elastic modulus K of the
vdW bonds was taken to be 4 MPa.l®* We chose U = 30
kcal /mol, which is the activation energy necessary to break
20-30 vdW bonds.!” Concomitantly, we took 8 = (26 A)3,

Chain Slippage. The molecular weight between en-
tanglements in an undiluted polyethylene melt is about
19008 and is assumed to be preserved in solids derived
therefrom.!? This corresponds to n ~ 14 statistical seg-
ments. The density of solid linear polyethylene is about
0.96 g/cm®, which leads to N = 3.04 X 10%/m? chain
strands between entanglements. We chose U = 20
kcal/mol with 8 = (7 A)%. The latter value is of the order
of magnitude of the volume of a statistical chain segment
and is consistent with the commonly accepted idea (ref 20
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Figure 2. (a—c) Nominal stress-strain curves, calculated under
the assumption of no chain slippage, for three monodisperse
polyethylenes of M = 1900 (a), M = 9500 (b), and M = 250000
(c). These results show that the three samples are predicted to
exhibit an identical behavior at elongations up to ~75% (i.e., a
draw ratio of 1.75), which is indicative of homogeneous loading
of the vdW bonds. At draw ratios exceeding ~1.75 the vdW bonds
start breaking, and the three specimens display a markedly
different behavior. The lowest molecular weight sample (a) shows
a stress-strain curve typical of brittle failure. The somewhat higher
molecular weight material (b) displays a distinct, so-called yield
point (the first maximum in the stress-strain curve), a drawing
region, and, finally, strain hardening. The stress-strain curve of
the highest molecular weight specimen (c) hardly displays a
distinct yield point, and strain hardening sets in immediately after
the linear portion of the stress—strain curve. Also, much higher
stress levels are reached in the latter case. Curve b’ for M = 9500
is calculated including chain slippage. This phenomenon causes
a large increase in the drawability of the material and a
smoothening of the strain-hardening effect. The stress—strain
curves calculated for the low (M = 1900) and high (M = 250 000)
molecular weight specimens are nearly identical in the presence
or absence of chain slippage.

and note below eq 4) that slippage involves the coordinated
movement of 1-2 statistical segments at most. Our value
for 3 thus appears to be more realistic than that required
in previous attempts to fit Eyring’s activation theory to
experimental data on flow in polymers.?!

Figure 2 shows a series of stress—strain curves that were
calculated with the model for melt-crystallized poly-
ethylenes of different monodisperse molecular weights (M
= 1900, 9500, and 250000). In the first series of simula-
tions (curves a, b, and c) no chain slippage was assumed
to occur during deformation. Careful examination of the
results of the simulations leads to the following insight and
rationale for the marked differences in the stress-strain
behavior of the three samples. Let us first consider curves
a and b, which correspond to the low molecular weight
specimens. In these samples the majority of the vdW
bonds exist between strands of different chains. As a
result, when one such bond along the y axis breaks, the
load it carried has to be transferred to the neighboring
vdW bonds. These neighboring bonds become overstressed
and easily break in turn. Since the concentration of chain
ends is high, there again is a high probability that this vdW
bond breaking will lead to a load transfer not to a chain
strand but, rather, to the next-neighbor vdW bonds. The
latter then break in turn. And so on and so forth. In this
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way, a crack propagates transversely, meeting occasionally
a few intact chain strands, which are then deformed due
to the high local stress they have to sustain. As the overall
strain is increased, deformation continues entirely within
the crack region, because it has a much lower stiffness than
the surrounding material due to the small number of chain
strands extending across the crack.

If that number of strands is sufficiently high, i.e., at not
too low molecular weight (curve b), the local stress in these
chains increases (eq 3) upon further deformation to reach
the yield stress. This is attained at a local draw ratio of
~4. At this point vdW bonds break in the weakened
adjacent undeformed region, leading to the incorporation
of more chain strands into the deformed region, or “neck”.
The neck then propagates along the whole length of the
sample. This propagation stage is found to extend from
an overall A = 1.75 to ~4, and it is characterized by a
constant value of the (nominal) stress (see curve b). At
draw ratios exceeding 4, the deformation proceeds homo-
geneously through further stretching of the polymer chains.
This causes the so-called strain hardening that is observed
experimentally.’® It is reproduced in the model without
the need to invoke strain-induced crystallization at high
degrees of chain extension. The network finally fails at
Amax = 14!/231/2 when the chain strands between entan-
glements have reached full extension (the factor 3!/2 results
from network considerations; cf. ref 22).

For very low molecular weight specimens (curve a,
Figure 2) the number of chains that extend across the
initial (transverse) crack is too small to carry the external
load. The chains rapidly reach full extension and break.

At much higher molecular weights (curve ¢) the con-
centration of chain ends is low. As a result, any vdW bond
breaking, occurring at A > 1.75, leads to load transfer to
a chain strand and no local buildup of stress is observed.
The network, therefore, deforms homogeneously at all A
and the strain-hardening effect is observed almost im-
mediately past the yield point.

Next, we incorporate the effect of slippage of chains
through entanglements on the stress—strain behavior (see
Figure 2). Curve I, calculated for M = 9500, reveals that
including chain slippage causes a large increase in the
drawability of the material and a smoothening of the
strain-hardening effect (cf. curve b). Further investigation
shows that chain slippage increases the average molecular
weight between entanglements by a factor of ~2. This
leads to an estimated maximum draw ratio of A, = (2
X 14)1/231/2 = 9.2, in excellent agreement with the observed
value (Figure 2, curve b’). The stress—strain curves cal-
culated for the low (M = 1900) and high (M = 250000)
molecular weight specimens were found to be nearly
identical in the presence of chain slippage or in the absence
of it.

Figure 3 displays a schematic illustration of the
“morphologies” obtained with the model for the various
molecular weights studied. At M = 1900, brittle fracture
is observed (Figure 3a); at M = 9500, a well-defined neck
appears, which then propagates along the sample (Figure
3b); and at M = 250000 (Figure 3d), the deformation ap-
pears to be homogeneous throughout the entire simulation.
Figure 3c depicts the deformed specimen of an interme-
diate molecular weight M = 20000, for which multiple
necking is observed.

These theoretical results are in outstanding agreement
with experimental observations.!® An exhaustive com-
parison with experimental results as well as detailed

‘studies of the effects of temperature, strain rate, molecular

weight distribution, and entanglement spacing on the
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Figure 3. Typical “morphologies” obtained with the model for
polyethylene of different monodisperse molecular weights: (a)
M =1900 A = 1.75; (b) M = 9500, A = 2; (c) M = 20000, A = 2.5;
(d) M = 250000, x = 3.

deformation process will be presented elsewhere.
Registry No. Polyethylene, 9002-88-4.
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